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a b s t r a c t 

Variational Autoencoder (VAE) has been widely and successfully used in learning coherent latent repre- 

sentation of data. However, the lack of interpretability in the latent space constructed by the VAE under 

the prior distribution is still an urgent problem. This paper proposes a VAE with understandable concept 

embedding named Cloud-VAE, which constructs interpretable latent space by disentangling the latent 

variables and considering their uncertainty based on cloud model. Firstly, cloud model-based clustering 

algorithm cast initial constraint of latent space into a prior distribution of concept which can be em- 

bedded into the latent space of the VAE to disentangle the latent variables. Secondly, reparameterization 

trick based on forward cloud transformation algorithm is designed to estimate the latent space concept 

by increasing the randomness of latent variables. Furthermore, variational lower bound of Cloud-VAE is 

derived to guide the training process to construct concepts of latent space, realizing the mutual mapping 

between latent space and concept space. Finally, experimental results on 6 benchmark datasets show that 

Cloud-VAE has good clustering and reconstruction performance, which can explicitly explain the aggre- 

gation process of the model and discover more interpretable disentangled representations. 

© 2023 Elsevier Ltd. All rights reserved. 
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. Introduction 

As a deep generative model, Variational Autoencoder (VAE) 

1] is favored due to its good data representation and image gen- 

ration capabilities, which is widely used in various research fields 

uch as anomaly detection [2] , pattern recognition [3] , data genera- 

ion [4–6] , image classification [7–8] . VAE model learns the feature 

apping from data to latent space, and then reconstructs the data 

o obtain data representation and image generation. Researchers 

ave tried to optimize the structure of VAE [9–15] and improve 

ts generation ability [16–20] . However, due to its unsupervised 

raining process, VAE usually fails to learn the interpretable latent 

pace, resulting in the fact that the distribution of latent space is 

ot corresponding to the prior distribution and the posterior dis- 

ribution. The lack of semantics and interpretability of the latent 

pace will induce that VAE cannot meet human needs for relia- 

ility, controllability and credibility of the models well. Therefore, 

ow to improve the interpretability of the VAE latent space has 

ecome an urgent problem to be solved. 

Concretely, the unsupervised training process of VAE causes la- 

ent variables in latent space to show an implicitly uninterpretable 
∗ Corresponding author at: School of Computer Engineering and Science, Shang- 

ai University, Shanghai 2004 4 4, China. 
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031-3203/© 2023 Elsevier Ltd. All rights reserved. 
luster-like distribution [21] , without semantics or even multi- 

odal [22] . Existing methods usually introduce known prior dis- 

ribution such as Gaussian mixture distribution [23] , to guide the 

atent space to learn interpretable latent variables [23–25] . For ex- 

mple, Guo et al. [23] combined Gaussian mixture distribution to 

onstruct the prior and posterior distribution, which describes the 

riginal distribution information contained in data and can ex- 

licitly explain the aggregation phenomenon of VAE latent space. 

owever, Gaussian mixture distribution is difficult to describe the 

andomness of concepts in the data, which leads to the inability of 

he prior distribution of the data to correspond to the latent space 

istribution of concepts. In detail, the reparameterization trick ex- 

ands the range of concepts representation through random sam- 

ling to increase the randomness of concepts, e.g., the distribution 

f the sampled concepts is not consistent with the prior distribu- 

ion. Additionally, the latent space based on a prior distribution 

ay be hard to obtain a specific disentanglement latent distribu- 

ion that is sensitive to a single concept. As an important compo- 

ent of VAE, the prior distribution needs to describe the concept 

n data and helps to disentangle the latent concepts for improving 

he interpretability of the latent space. Therefore, it is challenging 

o describe concepts in data using a prior distribution and intro- 

uce the randomness of concepts into the latent space. 
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In order to obtain more interpretable latent representations, the 

osterior distribution generation of VAE is constrained by a se- 

ies of regularized posterior distribution methods including β-VAE 

26] , β-TCVAE [27] , Guided-VAE [28] . For instance, β-VAE [26] op- 

imizes the posterior distribution by introducing adjustable hyper- 

arameters to achieve disentanglement of the latent space with 

ome interpretable feature representation. However, such models 

re trained towards feature representations, resulting in their poor 

econstruction ability. The above methods default to the standard 

ormal prior distribution and learn all latent variables in latent 

pace by regularizing the posterior distribution. The standard nor- 

al prior distribution fails to contain the latent distribution infor- 

ation of data, which leads to a lack of interpretability in the pro- 

ess of aggregation and the latent space of the model. The concept 

mbedded in the latent space is beneficial to solving the problem 

f separating data and knowledge, and enables a better study of 

he interpretability of VAE. 

Therefore, in order to construct interpretable latent space to im- 

rove the interpretability of model, this paper is proposed a varia- 

ional autoencoder with concept embedded named Cloud-VAE. The 

ain idea of Cloud-VAE is to construct interpretable concepts by 

onsidering concept information and its uncertainty, which can be 

mbedded into the latent space of the VAE model to disentangle 

he latent variables, then the learning objective is achieved under 

he guide of the prior concept distribution. According to the prior 

oncept distribution, Cloud-VAE utilizes variational lower bound to 

earn the mutual mapping between latent space and concept space. 

ence, the interpretability of the VAE latent space is improved. In 

ummary, the main contributions of this work are summarized as 

ollows: 

• To describe the initial concepts in latent space, cloud model- 

based clustering algorithm construct the latent space of VAE by 

introducing the prior distribution of concept. 
• To capture the randomness of latent variables, reparameteriza- 

tion trick based on forward cloud transformation algorithm is 

designed to constrain the representations range of latent space, 

making the latent variables interpretable and controllable. 
• To obtain the optimal parameter estimates, variational lower 

bound of Cloud-VAE is derived to guide the training process 

and reconstruct concepts of latent space, so that the mutual 

mapping between latent space and concept space is established. 
• Extensive experiments are executed on MNIST, Fashion-MNSIT, 

USPS, EMNIST, CIFAR-10, and COIL20 datasets. Experiments 

show that Cloud-VAE improves NMI metric by 22.9% and 19.9% 

respectively compared to deep clustering methods VaDE and 

GMVAE. Meanwhile, Cloud-VAE can explicitly explain the ag- 

gregation process of the model, and other interpretable latent 

representations are found on top of the existed. 

The remainder of the paper is as follows: Section 2 intro- 

uces the related work. Section 3 presents the proposed varia- 

ional autoencoder with concept embedded (Cloud-VAE). The ex- 

ensive experiments of Cloud-VAE are analyzed in Section 4 . Fi- 

ally, Section 5 summarizes this work. 

. Related works 

Deep clustering models utilize neural network to learn latent 

epresentations from high-dimensional data, and use these repre- 

entations to perform clustering task. Deep clustering is divided 

nto deep clustering models based on autoencoders [ 29 , 30 , 31 ],

eep clustering models based on generative models [32] , and deep 

lustering models based on graph convolutional neural networks 

33] . As a kind of generative model which is widely used, VAE’s 

atent space can automatically present the effect of aggregation 
2

hen learning data representation. VAE fits the approximate distri- 

ution by optimizing the prior distribution and the posterior dis- 

ribution of the model to construct a latent space for learning data 

atent variable representation, but the interpretability of VAE latent 

pace is still a problem. Here we discuss the existing works that 

ptimize the prior distribution or posterior distribution for improv- 

ng the interpretability of VAE. 

The prior distribution can describe the data distribution, which 

s important for the construction of latent space. Some researchers 

ttempt to use Gaussian mixture distribution or Dirichlet prior as 

he prior distribution. For example, Jiang et al. [24] proposed Vari- 

tional Deep Embedding (VaDE) to use Gaussian mixture model 

istribution as a prior distribution in which latent variables con- 

ain category information, thus explaining the reason for latent 

pace aggregation. Dilokthanakul et al. [25] use Gaussian mix- 

ure model as the prior of latent space latent variable z to opti- 

ize variational lower bound and infer the category of z. DVAE# 

21] relaxes Boltzmann machines to continuous distributions re- 

ulting distributions which can be trained as priors in DVAEs using 

n importance-weighted bound. Dirichlet Variational Autoencoders 

DirVAE) [19] introduce Dirichlet prior for continuous latent vari- 

bles, which leads to better latent representation and performance. 

AE with prior distribution can explicitly explain the aggregation 

rocess of the latent space. However, prior distribution of existing 

ethods is unable to represent the randomness of the latent vari- 

bles of the VAE, which cause the latent variables entangling and 

ifficult to explain. In this work, the prior distribution of model in- 

roduces uncertainty, which helps to describe the interaction and 

isentanglement of latent variables. 

The posterior distribution is constrained to progressively fit the 

rior distribution to construct the latent space, which is of great 

ignificance to improve the interpretability of the model. By intro- 

ucing a hyperparameter, β-TCVAE [27] strengthens the indepen- 

ent constraints to posterior distribution and encourages the sep- 

ration of latent variables learned by model, but brings the dis- 

dvantage of poor quality. To solve this problem, FactorVAE [34] , 

nstead of using hyperparameters, adds a penalty term to encour- 

ge the representation of the marginal distribution factor with- 

ut affecting the reconstruction quality. Ding et al. [28] proposed 

 controllable generative model Guided-VAE which is guided by 

 lightweight decoder with latent geometric transformations and 

rincipal component analysis. The model is transparent, simple 

nd has better disentangle ability. JointVAE [35] derives from β- 

AE and introduces discrete latent variables, which are combined 

ith Gumbel-Softmax to effectively obtain class information. The 

bove methods still retain the assumption of standard normal dis- 

ribution in the setting of latent space prior distribution. However, 

he standard normal distribution is relatively simple, which makes 

he latent space difficult to reflect the data information correctly. 

ifferent from the above works, to better characterize the data 

nformation and study the interpretability of VAE, Cloud-VAE at- 

empts to embed the concept in the latent space, constructing the 

apping relationship between data and latent space concept. 

. Concept embedding variational autoencoder 

Variational autoencoder with concept embedded (Cloud-VAE) is 

ivided into three parts: Concept space Initialization, Reparame- 

erization trick based on Forward Cloud Transformation, and Vari- 

tional Lower Bound with Concept embedded, which are shown 

n Fig. 1 . For a given data set, pre-trained autoencoder model to 

btain data representations in the low-dimensional latent space 

rst and use cloud model-based clustering method to find concepts 

ith uncertainty information to form the concept space ( Fig. 1a ). 

fterwards, the encoded concept parameter is introduced into the 

eparameterization trick to increase the randomness of latent vari- 
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Fig. 1. Framework of Cloud-VAE. 
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Fig. 2. Numerical characteristics of Cloud model [36] . 
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ble, and variational lower bound with concept embedded is pro- 

osed to guide the model training process to obtain the optimal 

arameter estimates, which enables the coarse concept parameter 

pdate and the mutual mapping between latent space and concept 

pace ( Fig. 1b ). 

.1. Concept space initialization 

Variational autoencoder is a generative model, and its training 

rocess is an unsupervised process. And clustering is the process 

f quantitative classification in latent space to help humans ana- 

yze and describe the real world. In order to describe latent space, 

lustering algorithms are often used. In order to obtain a better la- 

ent space of VAE, this paper learns the initial concept space from 

he latent variables in pre-training Autoencoder (AE). 

The concept describes the general characteristics of latent vari- 

bles, which has the characteristic of uncertainty. Randomness and 

uzziness, as the two most basic uncertainties, have a strong cor- 

elation. Thereinto, randomness means that the definition of an 

vent is deterministic, such as the probability of one impending 

vent. Note that data inevitably contains uncertain information. 

ithout considering randomness, the partition probability of data 

ay have deterministic partition results. In order to capture the 

ncertain information in data, it is necessary to characterize the 

andomness of the object and preserve the uncertain information 

uring optimizing the model. 

Cloud model theory proposed by Li reflects the uncertainty in- 

erent in qualitative concepts, and reveals the correlation between 

he fuzziness and randomness of objective things [36] . As shown 

n Fig. 2 ., the model uses numerical characteristics (expectation Ex , 

ntropy En , hyper entropy He ) to represent the mathematical prop- 

rties of concepts, where entropy En , serves as the basic determin- 

stic measure of concept granularity and hyper entropy He serves 

s the uncertainty measure of granularity. 

Now, cloud model is widely used in algorithm improvement, 

mage processing and performance evaluation [36] , which indicates 

hat Cloud model can describe the distribution and randomness of 

ata. Therefore, in order to describe the information about the dis- 

ribution of the data and the randomness contained in the latent 

ariables, we consider cloud model as a concept representation of 

he prior distribution. Thus, Cloud-VAE is combines Cloud-Cluster 
3 
37] algorithm to construct an effective concept space to obtain la- 

ent feature information. 

Suppose X is an input dataset of N examples, enabling the map- 

ing of data from a high-dimensional space to a low-dimensional 

atent feature space f : X → Z , where Z is the latent feature space.

ypically, the dimensionality of Z is much smaller than X . In order 

o learn concept representations of latent space, this paper con- 

iders the inclusion of randomness in uncertainty, as an impor- 

ant condition for modeling concepts. Then, Cloud-Cluster is used 

o extract concepts of latent space. According to the algorithm, the 

oncept obtained after aggregation is represented as a concept of 

riples, which is represented as follows: 

C = { C 1 , C 2 , . . . , C c } 
 k : { E x k , E n k , He k } , k = 1 , 2 , . . . , c (1) 

here Ex represents the most representative point in the concept, 

.e., the center of concept; En and He are entropy and hyper en- 

ropy, respectively. These concepts constitute the concept space S C . 

.2. Reparameterization trick based on forward cloud transformation 

During model training, variational autoencoder not only consid- 

rs the differences between the reconstructed data and the original 

nput, but also adds variability to the latent variables through the 

ariance parameter of the distribution function, which allows la- 

ent space to reconstruct latent variables with sensitivity based on 

he variance of the variables. 
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Fig. 3. Reparameterization trick of Cloud-VAE. 
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This paper hopes to expand the representation range of latent 

ariables on this basis, i.e., increase the variability of latent vari- 

bles, in which latent space is more likely to be similar to the 

epresentation range in the dataset. In order to expand the range, 

his paper proposes a reparameterization trick based on Forward 

loud Transformation to expand the boundary of points into a 

uzzy boundary, hoping that VAE learns the information of latent 

pace as much as possible. Inspired by the Forward Cloud Trans- 

ormation method of cloud model, we try to make encoder of VAE 

alculate three parameters: expectation E x , entropy E n and hyper 

ntropy He , and the three parameters constitute concept repre- 

entation C : { E x, E n, He } of latent variables concept representation. 

x represents the basic deterministic measure of the qualitative 

oncept, namely the mathematical expectation in the distribution. 

n represents the uncertainty measure of the qualitative concept, 

hich is jointly determined by randomness and fuzziness, and rep- 

esents the discrete degree of the latent variables. He represents 

he measure of uncertainty of the entropy En , namely, hyper en- 

ropy. The reparameterization trick based on Forward Cloud Trans- 

ormation is shown as formula (2) and formula (3) . 

 n 

′ = E n + He × ε 1 (2) 

 Cloud−VAE = Ex + En 

′ × ε 2 (3) 

mong them, z Cloud−VAE is the result of two combined random sam- 

ling from concept C : { E x, E n, He } of latent variable z, ε 1 and ε 2 
oth obey the standard normal distribution. 

The concept C computed from the encoder of Cloud-VAE can- 

ot be back-propagated. Therefore, Cloud-VAE transforms the two- 

tage random sampling results into variables that conform to two 

tandard normal distributions N( 0 , 1 ) , in which the intermediate 

odes that could not be derived or gradient propagation can be 

ransformed into derivable, that is, z = Ex + En × ε 2 + He × ε 1 × ε 2 ,
s shown in Fig. 3 . With two-layer reparameterization, the vari- 

tional autoencoder learns parameters through gradient descent. 

loud-VAE increases randomness by introducing hyper entropy, 

hereby extending the possibility of sampling space, widening the 

epresentation range of latent variables and increasing the data 

ariability. 

.3. Variational lower bound with concept embedded 

Cloud-VAE is a generative model of deep clustering that mod- 

ls the clustering process through the data generation process, 

nd takes the input data X , latent variables z and concept C = 

 C 1 , C 2 , . . . , C k } as a joint generation distribution, which is ex- 

ressed as p θ ( x, z, C ) , and the joint generation distribution is 
4

quivalently written as (4) . 

p ( x ) = ∫ 
z 

c ∑ 

k =1 

p θ ( x, z, C k ) dz 

p θ ( x, z, C k ) = p θ (x | z, C k ) p θ ( z, C k ) (4) 

p θ ( x | z, C k ) = p θ ( x | z ) = f (x | E x x , E n x , He x ) 

p θ ( z, C k ) = ξ p θ (z| C k ) 
here ξ is a constant 1 / c , representing the likelihood weight of la- 

ent variable z to concept C k . p θ ( x | z, C k ) indicates that after the 

odel performs the re-parameterized sampling variable z, and 

hen the reconstructed data through the decoder network. The 

hole process is independent of the concept C k , thus p θ ( x | z, C k ) =
p θ ( x | z ) . Theoretically, the parameter estimates for the model is 

olved using maximized log-likelihood, as shown in Eq. (5) . 

og p ( x ) = log ∫ 
z 

c ∑ 

k =1 

p θ ( x, z, C k ) dz (5) 

However, it is difficult to directly solve log p(x ) , thus Cloud-VAE 

ses the approximate posterior distribution q φ(z, C| x i ) constructed 

y the encoder network to approximate the real posterior like 

ther VAEs the probability distribution p θ ( z, C| x i ) can therefore be 

ransformed into an optimization problem as shown in Eq. (6) . 

L 
(
q φ( z, C k | x ) ‖ p θ ( z, C k | x ) 

)

 ∫ 
z 

c ∑ 

k =1 

q φ( z, C k | x ) log 
q φ( z, C k | x ) 
p θ ( z, C k | x ) dz (6) 

 

c ∑ 

k =1 

E q φ ( z,C k | x ) log 
q φ( z, C k | x ) p θ ( x ) 
p θ ( z, C k | x ) p θ ( x ) 

 

c ∑ 

k =1 

E q φ ( z,C k | x ) log 
q φ( z, C k | x ) p θ ( x ) 

p θ ( x, z, C k ) 

 

c ∑ 

k =1 

E q φ ( z,C k | x ) log 
q φ( z, C k | x ) 
p θ ( x, z, C k ) 

+ log p ( x ) 

In probability theory or information theory, KL divergence is a 

ethod to describe the difference between two probability distri- 

utions, which satisfies the property of an upward convex function 

nd has non-negativity. Therefore, KL ( q φ( z, C k | x ) ‖ p θ ( z, C k | x ) ) has 

on-negativity, and formula (6) is converted to solve the maximum 

vidence lower bound (Evidence Lower Bound, ELBO) as shown in 

ormula (7) . 

og p ( x ) ≥ −
c ∑ 

k =1 

E q φ ( z,C k | x ) log 
q φ( z, C k | x ) 
p θ ( x, z, C k ) 

(7) 

c ∑ 

k =1 

E q φ ( z,C k | x ) 

[
log 

p θ ( x, z, C k ) 

q φ( z, C k | x ) 
]

= L ELBO ( x ) 

In addition, according to the mean field theory, the latent vari- 

ble z and the concept representation C = { C 1 , C 2 , .., C c } are inde- 

endent of each other. The approximate posterior probability dis- 

ribution can be written as Eq. (8) . 

 φ( z, C k | x ) = q φ( z| x ) q φ( C k | x ) (8) 

here q φ( z| x ) ) is the encoder network distribution of VAE. Similar 

o VAE, Cloud-VAE uses a neural network to build a model, which 

s represented as Eq. (9) . 

 φ( z| x ) = f ( z; Ex x , En x , He x ) (9) 
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Fig. 4. Generation process and inference process for Cloud-VAE. 
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 ( x ;φ) → [ E x x , E n x , He x ] 

here φ is the parameter of the neural network g, E x x , E n x , He x 
re concept representation parameters of x . The entire generation 

rocess and variational process of Cloud-VAE are shown in Fig. 4 . 

ig. 4(a) is the generation process of Cloud-VAE, which uses neural 

etwork to estimate the probability distribution p θ ( x | z, C k ) , the in- 

ut of the generation network is z, and the output is the probabil- 

ty distribution p θ ( x | z, C k ) . The variational inference process of VAE 

s shown in Fig. 4(b) . The neural network is used to estimate the

ariational distribution q φ( z, C k | x ) . In theory, q φ( z, C k ) is indepen- 

ent of x . However, since the goal of q φ( z, C k ) is to approximate the

osterior distribution p θ ( z, C k | x ) related to x , the variational den- 

ity function is generally written as q φ( z, C k | x ) , where the input of

he inference network is x , and the output is the variational distri- 

ution q φ( z, C k | x ) . Through the variational process and generation 

rocess of the model, latent variable z and the concept represen- 

ation C k are optimized, that is, a more flexible concept prior is 

pdated. 

L ELBO (x ) is the variational evidence lower bound of the model. 

n order to deduce the details of each part, without changing 

he original framework, we further decompose the evidence lower 

ound L ELBO (x ) into formula (10) . 

 ELBO ( x ) = 

c ∑ 

k =1 

E q φ ( z,C k | x ) 

[
log 

p θ ( x, z, C k ) 

q φ( z, C k | x ) 
]

(10) 

= 

c ∑ 

k =1 

E q φ ( z,C k | x ) 

[
log 

ξ p θ ( x | z ) p θ ( z| C k ) 
q φ( z| x ) q φ( C k | x ) 

]

= 

c ∑ 

k =1 

E q φ ( z,C k | x ) [ log p θ ( x | z ) + log p θ ( z| C k ) 

− log q φ( z| x ) − log q φ( C k | x ) 
]

+ c log ξ

In formula (10) , the first term p θ ( x | z ) is the data representation

f the model under the reconstruction of the decoder network, and 

he second term p θ ( z| C k ) is the certainty of the latent variable z

nder the concept C k , reflects the degree of uncertainty between 

oncepts and latent variables, as shown in Eq. (11) . 

p θ ( z| C k ) = e 
− ( z−Ex k ) 

2 

2 ( En ′ 
k ) 

2 

(11) 

here E n ′ 
k 

= E n k + ε × He k represents the uncertainty degree of

he concept and the fuzziness of the concept, and ε obeys the 

tandard normal distribution N( 0 , 1 ) . By characterizing the latent 

ariable z to each concept, it reflects its ambiguity and random- 

ess. The same latent variable fluctuates around its original vari- 

ble after random sampling, and its probability to concept has the 

ossibility to change. After the variational autoencoder is embed- 

ed in the concept, the range represented by the concept is also 

andom in each training process, which increases the possibility 

f capturing latent variables based on the original Gaussian distri- 

ution. According to p θ ( z| C k ) , the latent variable z in latent space
5 
f the current model can also be conceptually divided, that is, the 

rediction result can be obtained through the principle of maxi- 

izing the membership degree under the concept C. 

In formula (11) , the third term q φ( z| x ) is probability distri- 

ution result learned by VAE encoder network. The fourth term 

 φ( C k | x ) is an approximate representation of q φ( C k | z ) , and the spe-

ific derivation is as shown in formula (12) . 

 ELBO ( x ) = 

c ∑ 

k =1 

E q φ ( z,C k | x ) 

[
log 

p θ ( x, z, C k ) 

q φ( z, C k | x ) 
]

(12) 

 ∫ 
z 

c ∑ 

k =1 

q φ( z| x ) q φ( C k | x ) log 
p θ ( x | z ) p θ ( z ) p θ ( C k | z ) 

q φ( z| x ) q φ( C k | x ) dz 

 ∫ 
z 

q φ( z| x ) log 
p θ ( x | z ) p θ ( z ) 

q φ( z| x ) d z + ∫ 
z 

c ∑ 

k =1 

q φ( z| x ) q φ( C k | x ) log 
p θ ( C k | z ) 
q φ( C k | x ) d z 

 ∫ 
z 

q φ( z| x ) log 
p θ ( x | z ) p θ ( z ) 

q φ( z| x ) d z + ∫ 
z 

c ∑ 

k =1 

q φ( z| x ) KL 
(
q φ( C k | x ) ‖ p θ ( C k | z ) 

)
d z

In formula (12) , the term ∫ 
z 

q φ( z| x ) log 
p θ ( x | z ) p θ (z) 

q φ ( z| x ) dz has nothing 

o do with the concept C, And the second term is non-negative. 

o maximize L ELBO (x ) , KL ( q φ( C k | x ) ‖ p θ ( C k | z ) ) ≡ 0 should be satis- 

ed. Therefore, the fourth term q φ( C k | x ) in Eq. (10) needs to be

he same q φ( C k | x ) as much as possible. In summary, by maxi- 

izing L ELBO (x ) according to Eq. (9) , training network parameters 

 θ, φ} and concept representation C = { C 1 , C 2 , .., C c } , the latent r ep-

esentation z can be obtained for each sample x as well as cate- 

ory results. The entire training process of Cloud-VAE includes two 

arts: reparameterization based on forward cloud transformation 

nd variational inference with concept embedded, and its pseu- 

ocode is shown in Algorithm 1 . Cloud-VAE consists of three main 

arts: obtaining the concept representations of latent variables, 

alculating the KL loss between the latent variable z, and calcu- 

ating the total loss. The steps of obtaining the concept represen- 

ations of latent variables (Lines 1–2) are decided by the number 

f concepts which is O (n ) . The step of training the encoder can be

arried out in O (n ) operations. We observe that the steps of cal- 

ulating the KL loss between the latent variable z (Lines 6–8) are 

ecided by the time complexity of reparameterization trick which 

s O ( cn ) . The steps of calculating reconstruction loss L recon and KL

oss L KL requires O (n ) operations. The steps of calculate total loss 

s not at all time-consuming and can be carried out in O (1) opera-

ions. There are b epochs from the start to convergence. The steps 

f calculating the KL loss between the latent variable z and calcu- 

ating the total loss require O ( ncb ) operations. Thus, both the time 

omplexity and the space cost of Cloud VAE are O (n ) . 

. Experiment 

In this section, we perform method validation and analysis in 

erms of model performance and interpretability respectively, com- 

aring Cloud-VAE with other deep clustering (e.g., DEC, VaDE, etc.) 

nd latent variable feature learning methods (FactorVAE, JointVAE, 

tc.). 

.1. Experimental datasets 

We here use MNIST, Fashion-MNIST, USPS, EMNIST, CIFAR-10, 

nd COIL20 datasets to evaluate the performance of Cloud-VAE 

n latent space. Except COIL20 dataset, the different clusters of 

NIST, Fashion MNIST, USPS, EMNIST and CIFAR-10 datasets fail to 

ave significant boundaries, and exist randomness from each other. 

ore details are listed in Table 1 . 
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Table 1 

Summary of the datasets. 

No. Dataset Dimension Points Image Pixels Classes cluster boundaries 

1 MNIST 784 70,000 28 ×28 10 unclear 

2 Fashion-MNIST 784 70,000 28 ×28 10 unclear 

3 USPS 256 9298 16 ×16 10 unclear 

4 EMNIST 784 145,600 28 ×28 26 unclear 

5 CIFAR-10 3072 60,000 32 ×32 ×3 10 unclear 

6 COIL20 1024 1440 32 ×32 20 clear 

Fig. 5. Parameter sensitivity analysis of batch size ( m ) and dimension of latent space ( d). 
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.2. Experimental setup 

For fair comparison, Cloud-VAE uses the same network archi- 

ecture as the other models. Specifically, the architectures of f and 

in Eq. (1) and Eq. (10) are 10–20 0 0–50 0–50 0-D and d -50 0–50 0–

0 0 0–10, respectively, where D is the input dimension. ReLU is ap- 

lied to all fully connected layers as the activation function, except 

or the input, output and embedding layers. The last layer of de- 

oder network is two settings: Sigmoid and Linear corresponding 

o different datasets. The Epoch numbers were all set to 50 in pre- 

raining and 300 during training. The Adam optimizer is used to 

aximize the lower bound ELBO on the evidence of Eq. (10) with 

 batch size of 128, a dimensionality of 10 for the learning repre- 

entation and a learning rate of 0.001. 

Good clustering algorithms produce high-quality clusters, that 

s, high similarity within clusters and low similarity between clus- 

ers. In the clustering performance analysis, the clustering validity 

valuation index is used to evaluate the quality of the clustering, 

nvolving Clustering Accuracy ( AC C ), Adjusted Rand Index ( ARI), and 

ormalized Mutual Information ( NMI). The overall performance of 

he candidate model for each cluster is the average of the fitness 

alues over all 10 iterations. 

The variational lower bound of the VAE model includes the re- 

onstruction error and the relative entropy between the distribu- 

ions. In order to prove the effectiveness of the model, Fréchet 

nception Distance (FID) is employed to evaluate its reconstruc- 

ion performance. The experiments were conducted on a computer 

ith an Intel Core i7–970 0F 3.0 0 GHz CPU and NVIDIA RTX 3070Ti

PU. 

.3. Experimental results and discussion 

.3.1. Parameter determination 

We utilize Adam optimizer to maximize the lower bound ELBO 

n the evidence of Cloud-VAE. We also executed sensitivity anal- 

sis and test of the other parameters such as batch size m and 

imension of latent space d. The AC C , the prediction accuracy of 
6 
loud-VAE on EMNIST dataset, was used as metric, Fig. 5 shows 

he results of the parameter sensitivity analysis. From Fig. 5 (a), the 

C C increases gradually with m increases. When m is 128, the AC C 

s increased by 0.547. Therefore, the batch size m is set as 128 in

he following experiments. From Fig. 5 ( b ), the AC C increases with

he growth of the demention d at first, until it reaches the max- 

mum value when d equals 10. The results show that the dimen- 

ion of latent space has a remarkable impact on the preservation 

f concept information. So, d is set as 10 in the following experi- 

ents. 

.3.2. Clustering performance validation 

To verify the effectiveness of Cloud-VAE in clustering perfor- 

ance, we compared three classes of methods, including cluster- 

ng methods related to the autoencoder AE model (DEC, IDEC), 

ariational autoencoders with prior distribution optimization (GM- 

AE and VaDE), and unoptimized priori VAE variant (FactorVAE, 

ointVAE, and Guided-VAE). Cloud-VAE embeds prior optimization 

ased on latent space of AE and modifies the variational lower 

ound of VAE, therefore, two related clustering methods based on 

E are selected to compare with Cloud-VAE. In addition, Cloud-VAE 

ntroduces a prior distribution with data latent distribution infor- 

ation, so VaDE and GMVAE are employed for comparison, which 

earn to optimize priors to have data latent distribution informa- 

ion. To introduce prior distribution, Cloud-VAE also performs la- 

ent representation learning in its latent space, thus 4 VAE vari- 

nts that learn latent space latent representation without prior 

ptimization are selected for comparison. Note that, these meth- 

ds are all implicitly learning the aggregated information of la- 

ent space.We conducted clustering performance experiments on 

he above 8 methods on 6 datasets respectively, and used the clus- 

er accuracy ( AC C ) , normalized mutual information ( NMI), and ad-

usted rand index (ARI) as evaluation metrics. The experimental re- 

ults are shown in Table 2 and Table 3 . 

It can be seen from Table 2 that Cloud-VAE obtains the highest 

C C , NMI, and ARI on MNIST, Fashion-MNIST and USPS datasets. 

pecifically, the AC C of Cloud-VAE on MNIST, Fashion MNIST, and 
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Table 2 

Clustering performance of models on MNIST, Fashion MNIST, USPS datasets. 

Model 

MNIST Fashion-MNIST USPS 

ACC NMI ARI ACC NMI ARI ACC NMI ARI 

DEC 0.867 0.786 0.754 0.576 0.631 0.461 0.712 0.696 0.602 

IDEC 0.890 0.795 0.777 0.574 0.634 0.461 0.762 0.787 0.708 

GMVAE 0.755 0.703 0.624 0.529 0.529 0.375 0.626 0.635 0.548 

VaDE 0.936 0.875 0.869 0.542 0.561 0.409 0.722 0.791 0.698 

VAE – – – – – – – – –

VAE + GMM 0.558 0.387 0.509 0.349 0.215 0.357 0.393 0.304 0.383 

VAE + KMeans 0.670 0.454 0.525 0.255 0.110 0.199 0.348 0.205 0.248 

FactorVAE – – – – – – – –

FactorVAE + GMM 0.699 0.549 0.636 0.286 0.106 0.212 0.442 0.212 0.401 

FactorVAE + KMeans 0.710 0.541 0.612 0.596 0.423 0.550 0.732 0.634 0.704 

JointVAE 0.881 0.793 0.829 0.450 0.367 0.556 0.403 0.216 0.360 

JointVAE + GMM 0.300 0.105 0.183 0.250 0.074 0.149 0.388 0.201 0.338 

JointVAE + KMeans 0.188 0.029 0.063 0.224 0.062 0.126 0.361 0.236 0.404 

Guided-VAE – – – – – – – – –

Guided-VAE + GMM 0.734 0.584 0.665 0.493 0.388 0.576 0.459 0.341 0.515 

Guided-VAE + KMeans 0.654 0.535 0.636 0.545 0.409 0.591 0.475 0.358 0.537 

Cloud-VAE (ours) 0.956 0.894 0.907 0.650 0.665 0.620 0.785 0.760 0.719 

Table 3 

Clustering performance of models on EMNIST, CIFAR-10 and COIL20 datasets. 

Model 

EMNIST CIFAR-10 COIL20 

ACC NMI ARI ACC NMI ARI ACC NMI ARI 

DEC 0.308 0.487 0.246 0.214 0.098 0.055 0.325 0.507 0.268 

IDEC 0.194 0.275 0.086 0.195 0.066 0.038 0.588 0.696 0.467 

GMVAE 0.515 0.574 0.382 0.174 0.131 0.057 0.612 0.788 0.560 

VaDE 0.430 0.494 0.265 0.142 0.124 0.048 0.210 0.392 0.158 

VAE – – – – – – – – –

VAE + GMM 0.349 0.410 0.200 0.158 0.105 0.044 0.602 0.742 0.521 

VAE + KMeans 0.263 0.278 0.129 0.136 0.099 0.040 0.316 0.435 0.204 

FactorVAE – – – – – – – – –

FactorVAE + GMM 0.395 0.433 0.235 0.203 0.079 0.045 0.631 0.727 0.493 

FactorVAE + KMeans 0.316 0.359 0.163 0.196 0.066 0.037 0.640 0.734 0.509 

JointVAE 0.418 0.487 0.295 0.202 0.087 0.043 0.379 0.548 0.232 

JointVAE + GMM 0.262 0.333 0.168 0.181 0.067 0.035 0.195 0.295 0.014 

JointVAE + KMeans 0.081 0.048 0.012 0.148 0.017 0.009 0.198 0.289 0.012 

Guided-VAE – – – – – – – – –

Guided-VAE + GMM 0.482 0.558 0.333 0.244 0.121 0.073 0.587 0.727 0.475 

Guided-VAE + KMeans 0.412 0.455 0.244 0.223 0.105 0.056 0.628 0.739 0.507 

Cloud-VAE (ours) 0.545 0.612 0.416 0.251 0.121 0.079 0.540 0.649 0.457 
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SPS datasets is 0.956, 0.65, and 0.785, respectively. All of them 

re much higher than those of DEC and IDEC. DEC and IDEC mod- 

ls choose to perform clustering learning on AE, and the loss func- 

ion of AE only considers the similarity between the original data 

nd the reconstructed data which lacks description of the amount 

f information contained in the data. While clustering is the ag- 

regation of data information, which results in model clustering 

hat IDEC is worse than Cloud-VAE. Take the ACC as an exam- 

le, Cloud -VAE outperforms GMVAE by 26.6%, 22.9%, and 25.4% 

n MNIST, Fashion-MNIST and USPS datasets, respectively. Com- 

ared with VaDE, Cloud-VAE also has 2.1%, 19.9%, and 8.7% im- 

rovement on MNIST, Fashion-MNIST, and USPS datasets, respec- 

ively, which proves that introducing uncertainty into the prior dis- 

ribution can guide the model to explicitly express the aggregation 

f latent space. 

Table 3 shows that the clustering performance of models for 

MNIST, CIFAR-10 and COIL20. Cloud-VAE achieves the highest AC C , 

MI , and ARI performance on EMNIST and CIFAR-10 datasets. Espe- 

ially, Cloud-VAE outperforms the strongest baseline AC C by 2.96% 

nd 8.06% on EMNIST and CIFAR-10 datasets, respectively. In the 

eparameterization trick, Cloud-VAE expands the representation 

ange of latent variables based on the original distribution, which 

ncrease the representation power of latent variables. We can also 

bserve that Cloud-VAE fails to obtain the best result in COIL20 

ataset, which is because the cluster boundaries of COIL20 dataset 
7

re clear. Cloud-VAE introduces the randomness into the clustering 

rocess, which leads to a fuzzy representation of the distribution 

ange of the clear clustering data. One possible solution is to con- 

train the sampling range of reparameterization trick techniques to 

educe the impact of randomness. It can be concluded that Cloud- 

AE can preserve the intrinsic distribution of data and hence help 

oncept to embed latent space appropriately. 

We also compare Cloud-VAE with the other models in terms of 

omputational runtime on different datasets, of which results are 

hown in Fig 6 . For fair comparison, Cloud-VAE and the compared 

odels use the same network architecture and the training iter- 

tions are all 300 epochs. It can be observed that VAE costs the 

ighest runtime on most datasets. Cloud-VAE spends the least time 

n CIFAR-10 dataset. On the other 4 datasets except COIL20 dataset, 

he computational costs of Cloud-VAE ranked in the middle and are 

lose to most models. When datasets have relatively high dimen- 

ions, such as CIFAR-10, VAE, FactorVAE, and Guided-VAE datasets 

o a poor job of finding the distribution of clusters, which results 

n high runtime on these datasets. Cloud-VAE has a greater advan- 

age over Guided-VAE in dataset with high dimensions. 

.3.3. Statistical significance analysis 

In order to give a thoroughly comparative study, we analyze 

he statistical significance using the Friedman test and post-hoc 

emenyi test [38] . The Friedman test determines whether there 
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Fig. 6. Runtime of models on different datasets. 

Table 4 

The p-values in different evaluation index un- 

der Friedman test. 

AC C NMI ARI

p-value 0.00033 0.00002 0.0003 
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s a difference in performance among 14 models over 6 datasets. 

ccording to Friedman test and post-hoc Nemenyi test, we uti- 

ize the ranking of different models for statistical significance. In 

tatistical analysis, p-value (the smallest level of significance) is 

ompared with pre-specified significance level α = 0 . 05 to test 

he significance of the results. The p-value provides information 

bout whether a statistical hypothesis test is significant or not. The 

maller the p-value, the stronger the evidence against the null hy- 

othesis. The results are shown in Table 4 and Fig. 7 . 

Table 4 shows that the p-value under Friedman test in different 

valuation index, such as AC C , NMI , and ARI . All p-values are far

ess than α = 0 . 05 , which rejects the null hypothesis of equivalent

erformance and confirms the existence of significant differences 

mong the performance of all the models. Fig. 7 shows the results 

f Nemenyi post hoc tests. Cloud-VAE achieves the highest aver- 

ge rank under different evaluation metrics. With 95% confidence 

evel, the performance of GMVAE cannot be distinguished from the 

odels developed using DEC, IDEC, and VaDE. Cloud-VAE obtains 

he best ranking (each average rank on different evaluation index 

s approximately 2), although the differences between the top 5 

lgorithms are not statistically significant. Obviously, compared to 

ther baseline algorithms, Cloud-VAE achieves the best ranking of 

erformance with relative stability. 

.3.4. Reconstruction performance validation 

We compared the reconstruction performance experiments of 

MVAE, VaDE, VAE, FactorVAE, JointVAE, and Guided-VAE on 6 

atasets respectively, and used FID as the evaluation metric. The 

xperimental results are shown in Table 5 . Cloud-VAE has the best 

econstruction performance on Fashion MNIST, USPS and COIL20. 

loud-VAE performs similarly to the optimal performance of VaDE 

n MNIST and GMVAE on EMNIST. Compared with 4 unoptimized 

riors, the reconstruction performance of our proposed model is 

reatly improved, especially on USPS and COIL20. Compared to 

MVAE, Cloud-VAE enhances the learning ability by introducing 

andomness, which enables it to reconstruct data with complex 

eatures. In addition, although FactorVAE and JointVAE learn latent 

epresentations, their optimization methods lead to worse recon- 
8

truction ability than VAE. Compared with GMVAE, the reconstruc- 

ion ability of Cloud-VAE is higher under five datasets. For GM- 

AE and VaDE, the performance on MNIST, USPS and EMNIST is 

igher than that of VAE, FactorVAE, JointVAE, and Guided-VAE, but 

n the Fashion-MNIST dataset, the reconstruction performance can 

nly be equal to it. For Cloud-VAE, its reconstruction performance 

tands out on Fashion-MNIST, USPS, and COIL20, as the learning of 

andomness results in an increased sampling space for latent vari- 

bles in latent space and an enhanced learning range, resulting in 

mproved performance on complex datasets. 

.3.5. Interpretability analysis 

The model training is guided by prior distribution of concept 

epresentations and embedding concepts to learn the mapping 

rom feature space to concept space. The concept generation re- 

ults on MNIST, Fashion MNIST, and USPS datasets after training 

re shown in Fig. 8 ., where the concepts have comprehensible 

eanings. 

During the training process, the concept space interacts with 

he feature space for updating, as shown in Fig. 9 . The figure gives

 visualization of the reduced dimensionality of latent space and 

he generated images of the coarse concepts in the concept space 

or different training times (Epoch = 1, 50, 100, 150, 200, and 300) 

f the model on MNIST dataset. The latent space is gradually ag- 

regated and the potential variables have corresponding category 

nformation. In addition, the coarse concepts are gradually updated 

uring the training process of the model. For example, the number 

 is gradually learned as a ’horizontal’ stroke during the training 

rocess. The variational autoencoder constructs the concept rep- 

esentation of latent space towards a better representation of the 

oncept during the training process. To discover whether there is 

n intelligible latent representation feature for Cloud-VAE, we ob- 

erve whether the model learns a different latent representation by 

arying the latent variable dimension value from [ −2,2] under the 

ata pair latent space. Whereas FactorVAE, Guided-VAE, and Joint- 

AE learn latent variable features, there lacks concept result for di- 

ensional perturbation changes. Therefore, existing methods often 

elect any sample from the real data for the visual presentation of 

eature changes, as shown in Fig. 10 . JointVAE, FactorVAE generate 

mages that produce some feature changes but completely lose the 

etailed features of the data compared to the original image on 

he left. FactorVAE, Guided-VAE have many unintelligible changes 

marked red circle). From the above analysis, the visualization of 

eature variations without a standard concept result shows limited 

nterpretable potential representations. 
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Fig. 7. Visualization of the Nemenyi post-hoc test under different evaluation indices with unclear datasets. 

Table 5 

Reconstruction performance of models ( F ID ). 

Model MNIST Fashion-MNIST USPS EMNIST CIFAR-10 COIL20 

GMVAE 94.249 125.157 51.160 19.933 183.642 305.048 

VaDE 88.080 134.438 39.728 22.013 194.814 165.655 

VAE 116.992 124.270 71.012 34.861 224.947 138.860 

FactorVAE 108.143 132.822 67.859 124.097 217.800 122.078 

JointVAE 100.515 150.552 101.386 45.238 270.775 188.486 

Guided-VAE 96.276 125.149 71.544 22.547 201.547 125.177 

Cloud-VAE(ours) 90.163 122.484 36.668 23.422 219.210 107.129 

Fig. 8. Concept generation results on different datasets. 
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9 
In contrast, Cloud-VAE represents the aggregated information of 

atent space explicitly and represents this aggregated information 

s a set of concepts C = { C 1 , C 2 , . . . , C c } . Ther efor e, in this paper,

he learned concepts are used as a basic concept for performing 

eature changes to assist JointVAE, FactorVAE, and Guided-VAE in 

isualizing and analyzing latent space, and the experimental re- 

ults are shown in Fig. 11 . Cloud-VAE learns the basic 4 smooth 

hanges of tilt degree, width and thickness (coarse to fine, fine 

o coarse) compared to the 3 comparison methods. On this ba- 

is, Cloud-VAE finds a latent representation which changes of the 

egree for graph curvature with the distribution. For FactorVAE, 



Y. Liu, Z. Liu, S. Li et al. Pattern Recognition 140 (2023) 109530 

Fig. 9. The change of concept and latent space during model training. 

Fig. 10. Variation in features with real data. 

Fig. 11. Variation of features in images corresponding to different concept centers. 

10 
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Algorithm 1 

Variational autoencoder for concept embedding (Cloud-VAE). 

Input: Dataset X . 

Output: The trained model. 

1: input dataset X to train autoencoder model, and obtain latent variables Z = { z 1 , z 2 , . . . , z n } ; 
2: use Cloud-Cluster to obtain concept representations of latent variables, including c concepts, each of which is represented as { E x k , E n k , He k } ; 
3: for epoch: 

4: train encoder with data X as input; 

5: use reparameterization trick based on the forward cloud transformation to obtain latent variable z; 

6: for k ← 0 to c do: 

7: calculate KL loss L KL _ concept k between latent variable z, concept parameter corresponding to latent variable z and concept C k ; 

8: end for 

9: train decoder with the latent variable z as input; 

10: calculate reconstruction loss L recon ; 

11: calculate KL loss L KL between the concept parameter corresponding to latent variable z and standard normal distribution; 

12: calculate total loss L = 

c ∑ 

k =1 

( L KL _ concept k ) + L KL + L recon 

13: end for 

Fig. 12. KL scatter results for all categories on MNIST dataset. 
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ointVAE finds the numerical feature variations of degree of tilt, 

idth and thickness (fine to coarse) in the potential representa- 

ion of latent space under the MNIST dataset. FactorVAE guides 

he construction of latent space by adding a penalty term for fea- 

ure independence, while JointVAE models the potential variables 

y dividing them into continuous and discrete variables. The prior 

istributions of both models only follow the standard normal dis- 

ribution, and the constraints on latent space from this distribution 

ail to guide the model to map the full data information in latent 

pace, thus resulting in a potential representation of the degree of 

urvature and thickness (coarse to fine) not being learned in la- 

ent space. For Cloud-VAE, the 4 basic latent representations are 

earned, but the representation under the feature of width appears 

o be unsmooth, especially as the feature changes from 0 to neg- 

tive values. The method adds a lightweight decoder outside the 

AE framework, but the geometric transformation with principal 

omponent analysis decodes in such a way that the latent variables 

ack clear physical meaning, leading to a loss of meaning during 

art of the latent representation change. In contrast, Cloud-VAE fol- 

ows a priori distributions with potential distribution information, 

nd its latent space construction process of potential variables can 

ell represent the information contained in the data, so more in- 

erpretable potential representations are found on this basis. 

Different from disentangled visualization methods such as Joint 

AE, this paper attempts to analyze the importance of the fine- 

rained concepts contained under different concepts, i.e., the fine- 

rained feature visualization for some of the numbers, and the 

ain important feature for numbers 3 and 8 is the degree of font 

lant which is greater than the other dimensional features. For 

he number 8, both provide similar information regardless of the 

ont thickness. The KL scatter results are calculated and plotted as 

c

11 
hown in Fig. 12 . The degree of font slant (red line) is the more

mportant feature in all categories. Fig. 13 . shows the results of the 

ne-grained feature visualization for some of the numbers, and the 

ain important feature for numbers 3 and 8 is the degree of font 

lant which is greater than the other-dimensional features. For the 

umber 8, both provide similar information regardless of the font 

hickness. 

. Conclusion 

In order to improve the interpretability of latent space of VAE, 

ts variants optimize the prior distributions of model to constrain 

he construction of latent space. However, variational autoencoder 

nd its variants still obey prior distributions that are complex in 

tructure, artificially hypothetical and unable to describe the ran- 

omness of latent variables, making them unable to describe the 

oncepts of latent space and hard to explain the aggregation pro- 

ess of latent space. Thus, this paper proposes a variational autoen- 

oder with concept embedded named Cloud-VAE. Firstly, it uses 

ncoder encodes concept parameters of latent variables and in- 

roduces the encoded hyper entropy into reparameterization pro- 

ess of model to increase the randomness of latent variable, which 

xpands the sampling range of variables, improves the flexibility 

f data, and represents latent space information more accurately. 

hen, Cloud-VAE embeds multiple concepts into model as an effec- 

ive prior distribution to constrain model, and a theoretical deriva- 

ion of variational lower bound with concept embedded is com- 

ined with variation method to guide the model training to ob- 

ain the optimal parameter estimates. It realizes concept parameter 

pdates and the mutual mapping between latent space and con- 

ept space. Finally, experimental results on the on MNIST, Fashion- 
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Fig. 13. Fine-grained results of 3 and 8 on MNIST. 
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NSIT, USPS, EMNIST, CIFAR-10, and COIL20 datasets show that 

loud-VAE improves NMI metric by 22.9% and 19.9% respectively 

ompared to deep clustering methods such as VaDE and GMVAE, 

howing better clustering and reconstruction performance. In addi- 

ion, compared with FactorVAE, JointVAE and Guided-VAE, Cloud- 

AE explicitly explains the model aggregation process, and other 

nterpretable representations are found on top of the existing in- 

erpretable potential representations. 

It can be concluded that the interpretability of VAE can be 

mproved by embedding the uncertainty concepts into the latent 

pace. This concept embedding approach can try to enhance the 

nterpretability of more deep learning models (such as DNNs and 

NNs) in the future. 
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